EE 330
Lecture 24

« Small Signal Models
« Small Signal Analysis



Exam Schedule

Exam 1 Friday Sept 24
Exam 2 Friday Oct 22
Exam 3 Friday Nov 19

Final Tues Dec 14 12:00 p.m.



Photo courtesy of the director of the National Institute of Health ( NIH)

As a courtesy to fellow classmates, TAs, and the instructor

Wearing of masks during lectures and in the
laboratories for this course would be appreciated
Irrespective of vaccination status



Review from Last Lecture

Comparison of Gains for MOSFET and BJT Circuits

MOSFET
* Vop
Ri1
—=Vour
-
Vin(0) Vin(t)
"Vss
A :_ICQRl A = 2|DQR
Ve V "V + V]
| IDQR :ICQR1:2V, VestVi=-1V, V=25mV
A RV o oA 2R AV,
="V 25mV [V +V,] -1V

Observe A,g>>A
Due to exponential-law rather than square-law model



Review from Last Lecture

Operation with Small-Signal Inputs

* Analysis procedure for these simple circuits was very tedious

« This approach will be unmanageable for even modestly more complicated
circuits

* Faster analysis method is needed !



Small-Signal Anal

Biasing
(voltage or current)

l

Nonlinear
Circuit

Vinss or Iinss

VSIS
Jom Nonlinear
L e Vourss Analysis
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onlinear circuit to linear

Map N
small-signal circuit

Linear Small
Signal Circuit

Vinss or linss

i' Linear
—* Vourss AnalyS|S

&

Will commit next several lectures to developing this approach
Analysis will be MUCH simpler, faster, and provide significantly more insight

Applicable to many fields of engineering



Small-Signal Analysis

—— Square-Law Model

Simple dc Model

Y \i

Sophisticated Model

Small Better Analytical
. for Computer
Signal dc Model . i
Simulations
Square-LaW Model (with extensions for Ay effects)
Short-Channel a-law Model
\ \
Frequency | —»  Switch-Level Models

Dependent Small
Signal

Simpler dc Model * Ideal switches
* Rsw and Ces

BSIM Model



Operation with Small-Signal Inputs

Why was this analysis so tedious?

Because of the nonlinearity in the device models

What was the key technique in the analysis that was used to obtain a simple
expression for the output (and that linearly related the output to the input)?

VbeQ VMsin(a)t)

VOUT . VCC o JSAERle ) e )

| R .
Vo, = | Vo - IR, -] == |V sin(ot)
Q 1 M
Vt
Linearization of the nonlinear output expression at the operating point



Operation with Small-Signal Inputs

Vbeq
. V.
l.o =JsAgE

V. - 1LR |- o™ V,sin(wt)

Quiescent Output

V

ouT

12

ss Voltage Gain

Small-signal analysis strategy

=

Obtain Quiescent Output (Q-point)

2. Linearize circuit at Q-point instead of linearize the nonlinear solution
(this will be done by linearizing each component in the circuit)
Analyze linear “small-signal” circuit

2. Add quiescent and small-signal outputs to obtain good approximation
to actual output

=



Small-Signal Principle

Nonlinear function
y=f(x)




Small-Signal Principle

Region around y:f X)




Small-Signal Principle

Region around y:f(X

v

Xq
Relationship is nearly linear in a small enough region around Q-point

Region of linearity is often quite large
Linear relationship may be different for different Q-points



Small-Signal Principle

' y=1(x)
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Relationship is nearly linear in a small enough region around Q-point
Region of linearity is often quite large
Linear relationship may be different for different Q-points



Small- Slgnal Principle

Q-point
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Device Behaves Linearly in Neighborhood of Q-Point

Can be characterized in terms of a small-signal coordinate system



Small-Signal Principle

y=mx+b

y=f(x)
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Small-Signal Principle
y A

A YSsS

Yo

Changing coordinate systems:
_ Of Of
Yss¥YYo y-y =—| (x-X Y. =—1 X
Q ax - ( Q) SS @X - SS



Small-Signal Principle

y A Yss

Yo|

Small-Signal Model: Yss

:a—x Xss

« Linearized model for the nonlinear function y=f(x)

« Valid in the region of the Q-point

Wil show the small signal model is simply Taylor’s series expansion
of f(x) at the Q-point truncated after first-order terms



Small-Signal Principle

Observe:
_ 8_f } _ a_f y Vs
y yQ B OX - (X XQ) yss - ax - ss / \
Y, =f(x,)
of
= f —_— -
y=1(x)+ 1 (x-x,)

X:XQ

Recall Taylors Series Expansion of nonlinear function Nat expansion point X,

L1 1df k
y=f(Xg )+ D | —— X-X
(xo) il k! dxxzxo( 0)

Small-Signal Model:

Truncating after first-order terms (and defining “o” as “Q");

of ~of
y;f(xQ)+&X:XQ(x-xQ) = 6—x X,

Mathematically, linearized model is simply Taylor’s series expansion of the nonlinear
function f at the Q-point truncated after first-order terms with notation x,=x,

ySS




y:

Small-Signal Principle

f(x,)

+—| | X

\

Quiescent Output

How can a circuit be linearized at an operating point as an alternative to

ss Gain

4

y

af Yo

ax SS

X:XC

linearizing a nonlinear function at an operating point?

Consider arbitrary nonlinear one-port network |

—

¥
\Y

Nonlinear
One-Port




Arbitrary Nonlinear One-Port

ot | =f(V) _ ol
oV

def

[l
™

V=Vq

Linear model of the nonlinear

device at the Q-point (| — y (v




Arbitrary Nonlinear One-Port

+
V Nonlinear
One-Port

Linear small-signal model:

A Small Signal Equivalent Circuit:

The small-signal model of this 2-terminal electrical network is a resistor of value 1/y
or a conductor of value y

One small-signal parameter characterizes this one-port but it is dependent on Q-

point

This applies to ANY nonlinear one-port that is differentiable at a Q-point (e.g. a diode)

2-Terminal
Nonlinear
Device

f(v)

-+

+
V

y =

(i =y
+—>
V y

ol

oV

V=V,



Small-Signal Principle

Goal with small signal model is to predict
performance of circuit or device In the
vicinity of an operating point (Q-point)

Will be extended to functions of two and
three variables (e.g. BJTs and MOSFETS)



Solution for the example of the previous lecture was based upon solving the
nonlinear circuit for Vr and then linearizing the solution by doing a Taylor’s
series expansion

« Solution of nonlinear equations very involved with two or more
nonlinear devices

» Taylor’s series linearization can get very tedious if multiple nonlinear
devices are present

Natural approach to small-signal Alternative Approach to small-signal
analysis of nonlinear networks analysis of nonlinear networks

1. Solve nonlinear network 1.Linearize nonlinear devices (all)

2. Obtain small-signal model from
linearized device models

2. Linearize solution

3. Replace all devices with small-signal
equivalent

4 .Solve linear small-signal network



“Alternative” Approach to small-signal
analysis of nonlinear networks

Nonlinear
Network

v
Q-point Smgll-signal (linear)
"4 equivalent network
Values for small-signal parameters

Small-signal output
|

Total output

(good approximation)



Linearized nonlinear devices

Nonlinear
Device

i
{

Linearized
—Small-signal
Device

*
{

\V4

This terminology will be used in THIS course to emphasize difference
between nonlinear model and linearized small signal model



Example:

It will be shown that the nonlinear circuit has the linearized small-signal network given

(vOUT

R .

Vour = Vi E M § R
4{ My gg

Vin 1? l

Vss A%

Linearized small-
Nonlinear network signal network



Linearized Small-Signal Circuit Elements

Must obtain the linearized small-signal circuit element for ALL linear and
nonlinear circuit elements

) r 1, 1
S |

(Will also give models that are usually used for Q-point calculations : Simplified dc models)



Small-signal and simplified dc equivalent elements

dc Voltage Source

ac Voltage Source

dc Current Source

ac Current Source

Resistor

Element

ss equivalent

|

Simplified dc
equivalent
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Small-signal and simplified dc equivalent elements

lent SimL)iIified dc

58 equ.iva equivalent
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Small-signal and simplified dc equivalent elements

Element ss equivalent Simplified dc
equivalent
Bipolar Simplified

Transistors

{

Simplified

Dependent
Sources
(Linear)

L A

b6 ¢
Vo o @ <> @

> > >



Example:

Obtain the small-signal equivalent circuit

Vop

gRs

‘vIN

Ry
—_ Vour
Vinss R
Cis large
R:
rvOUT
_> ‘v“\] Rz//Rg




Example: Obtain the small-signal equivalent circuit

T




{vIN

Example:

Obtain the small-signal equivalent circuit

Vinss

s

N
/1

C,

VDD

R4 Rs

4

C,,Cy, Cs large
C, small

Q1
s % T, L HL; |

lop

VOUT

Re
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How Is the small-signal equivalent circuit
obtained from the nonlinear circuit?

What is the small-signal equivalent of the
MOSFET, BJT, and diode ?

2! { v

4 L
LI




Small-Signal Diode Model

-
2-Terminal
Temine + o
Device V y —
f(x) o
- V1,
(i =y
A Small Signal Equivalent Circuit Thus, for the diode

“Small-signal model”

= ¥ — i)




Small-Signal Diode Model
For the diode S? % Rd:(slT[[))j:




Example of diode circuit where small-signal
diode model is useful

|D1¢

Vb1 ID2¢ Vb2 RDl; % RDZ
oY oy
J J

Voltage Reference Small-signal model of

Voltage Reference
(useful for compensation
when parasitic Cs included)




Small-Signal Model of BJT and MOSFET

Consider 4-terminal network
(3-terminal and 2-terminal and 1-terminal devices then become special cases)

— &4_14_ + L = fl(Vsz’Vs) |
Device 2 + V, Vi |2 — f2 (V11V2’V3) (
B— l; = f3(V11V2’V3) )

4 different ways to choose reference terminal

Six port electrical variables {l,1,,l5,V,,V,,V3}

Number of ways to choose KGJ __ 6 .
independent variables 3) (6-3)13!
Number of potentially different ways to represent same device 80

We will choose one of these 80 which uses port voltages as independent variables



Small-Signal Model of BJT and MOSFET

Consider 4-terminal network

o <i<i+ + |1:f1(V1’V2’V3) \
Device A+ V, Vi |2 :fz(vl’VZ’V3) (
B— B :f3(V1’V2’V3) )

Define ‘1 :|1_|1Q v, :V1_V1Q
6 :|2_|2Q v, :Vz_vzq
i =l3—lgg us :Vs_st

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Small-Signal Model of 4-Terminal Network

L + § = 91(?)1’?)2’?)3)\
T 2= 0, (UL, )
R b= 93((’)1’?)2’?)3)

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents

For small signals, this relationship should be linear

Can be thought of as a change in coordinate systems from the large
signal coordinate system to the small-signal coordinate system



Small-Signal Model of 4-Terminal Network

-l
. |
4-Terminal —
Device < +
. V
(Nonlinear) _\',_ ?
3

|1 = fl(V1’V2’V3)
l, = fz(V1’V2’V3)
|3 = f3(V11V2’V3)

V

“Small-signal model”

<l
i +
. -
4-Terminal 5 +
Linear Device - _|_ v
V
Vs

{= gl((vl’(UZ’(US)
L=0, (‘Ul,‘vz,‘US)
=0, (wl’vz’qjs)

Vo

Mapping is unique (with same models)



Small-Signal Model of 4-Terminal Network

4-Terminal
Device

(Nonlinear)

(13

Small-signal model”

4-Terminal
Linear Device

= fl(V1’V2’V3)
l, = fz(V1’V2’V3)
l; = f3(V11V2’V3)

Does inverse mapping exist?

Is it unique (with same models)?

4= gl(‘vl"UZ’{UB)
65=0, (?)1,?)2,?)3)
6 =0, ((1)1’(1)2"1)3)

V

Yes

No

Multiple nonlinear circuits can have same small-signal circuit

Vo




Small-Signal Model of 4-Terminal Network

4-Terminal
Device

(Nonlinear)

I1 = fl(vl’VZ’VS)

I2 = fz(Vsz’Vs)
|3 = fs(V11V2’V3)

Vo

4-Terminal
Linear Device

§= gl<‘vl"v2"v3)
5L=0, ((vl’(UZ’(vS)
G = gs(Q)l’Q)z’Q)s)

VT

Systematic procedure for developing a small-signal model for any nonlinear device

will now be developed

Will use 4-terminal device as an example and obtain results for 3-terminal and 2-
terminal devices by inspection

Based upon multi-variate Taylor’s series expansion truncated after first-order terms

Will then use this procedure to get small-signal model of Diode, MOSFET, BJT,

and JFET



Recall for a function of one variable

y = 1(X)

Taylor’'s Series Expansion about the point X,  (x, is termed the expansion point or the Q-point)

o°f| 1
(x =%, )+ > E(x—xo)2+...

X:XO X:XO

of
— f(x)=f o

If X-X, IS small

(X_Xo)

X:XO

(X_Xo)

of
~ f —
y (XXX:XO —I_ ax

Y=y, + o
70 ax




Recall for a function of one variable
y = 1(X)

If X-X, IS small
of
Y=Y +&XXO(X_X0)
of
Y=Y = X (X - Xo)

X=Xo

If we define the small signal variables as
¢g=Y—Yo
x=X—X,



Recall for a function of one variable
y = 1(X)

If X-X, IS small
of
Y=Y +&XXO(X_X0)
of
Y=Y = & (X - Xo)

If we define the small signal variables as

g=Y—Y,
ax =X—X,
Then
of

= °< This relationship is linear !



Consider now a function of n variables

y=T10x,...%,)=T(X)

If we consider an arbitrary expansion point )ZO :{Xw XZO,...XnO}

—_

The multivariate Taylor’s series expansion around the point Xo is given by

y=f(X)=f(x) HO+Zn: [;}I

k=1

(Xk Xko )j

X=%

w2 |1
+kZ=1: o z(xj-xjo)(xk—xko)+..(H.O.T.)

Truncating after first-order terms, we obtain the approximation

where y, = f (x)




Multivariate Taylors Series Expansion

y=T10x,...%,)=T(X)

Linearized approximation

. | of
Y-Yo = Z (axk

k=1

(Xk ~Xko )J

X=X

This can be expressed as

yss = Z aszsk
k=1
Alternate Notation:

where )
Ys =Y Yo y EZakock
k=1
Xssk = Xk _Xko
y=Y—Yo
of
a,

oX, |- x =X Xyo
X:XO



In the more general form?, the multivariate Taylor’s series
expansion can be expressed as

.

F, X)) =, + Z Z Dy ey, (Il ~ Mo )3»'1 '"(xm o )k”
ey ek,

Zﬁ:} =m]
L

&, = f{xla 3 ..,I}m]
1 a” 7
I!IIIk?z!akl I]"'aic”IH

afq,...,ﬁ:n;m = i (8)

Mo tyn

L http://www.chem.mtu.edu/~tbco/cm416/taylor.html

)



Consider 4-terminal network

I
<« +
2
4-Terminal +
5 |3 Vl
Device e S + v
2

\&!

|1 :f1(V1’V2’V3)
, :fz(Vl’Vz’Vs) f
|3 :fs(V11V21V3)

Nonlinear network characterized by 3 functions each
functions of 3 variables



Consider now 3 functions each functions of 3 variables
1= fl(vl’VZ’VB)
2 :fz(Vsz’Vs) f
l, =1, (V11V2 ) V3)

\

J

Define
_V1Q _
Vo =| Voo
_V3Q |

In what follows, we will use V as an expansion point in a Taylor’s
series expansion.



Consider now 3 functions each functions of 3 variables

\

1= fl(vl’VZ , V3) befine [V
2 :fz(Vsz’Vs) f Vo™ XZQ
|3 :fs(V11V21V3) o

S
Consider first the function |,

The multivariate Taylors Series expansion of I;, around the operating pomtV . when
truncated after first-order terms, can be expressed as:

l, = fl(Vl’VZ’VS)E fl(VlQ ’VZQ’V3Q )"'
afl(vl’V27V3 )|

of, (V. V,, Vs, )| of, (V.. V,, V,)|
V, -V L2 V, =V, )+ -1 -2r 73 V, - V.
avl ‘V:\_/Q ( 1 ) avz V:\_/Q ( 2 2Q ) 8V3 \7=\7Q ( 3 30 )
or equivalently as:
of, (V,,V,, V. of, (V,,V,, V. of, (V,,V,, V.
Il_llQ = 1( gvz 3) (Vl_le)+ 1( ;VZ ) (Vz V2Q)+ 1( gvz )} (Vs VSQ)
1 V=Vq 2 V=V, 3 V=Vq



repeating from previous slide:

6f1(V11V21V3)

of.(V,,V,,V.
6\/1 (Vl_le)+ 1(1 2 3)

A oV,

Il_llQ -

Make the following definitions

L = 1_|1Q
y — a1:1(\/1’V2’V3) . I
o oV, It L =127l
G =1, |3
V., = arl(vl’VZ’VS) 0
8V2 V=Vq o, :Vl_le
&f,(V,.V,, ;) u, =V, =V
Vi, = 1\V1:V 21 V3
13
Ny o ty =V Vg
It thus follows that

6 =Yt T YU + Y3ty

This is a linear relationship between the small signal
electrical variables !



Small Signal Model Development

Nonlinear Model Linear Model at V,

(alt. small signal model)
l, = fl(vl’vz ’ VB) —> 4 =Yt Yot + Yty
l, = 1:2 (V11V2 ) Vs)
;= f3 (V1’V2 ) V3)
Extending this approach to the two nonlinear functions |, and I,
6 =Yty + Yoolty + Yooty
G =Yty + Yooty + Yot

of. (V,.V,, ;)
Y

—

where




Small Signal Model Development

Nonlinear Model Linear Model at V,

(alt. small signal model)

l, = fl(vl’VZ ) VB) 4 =Yt + Yot + Y30,
l, = 1:2 (V11V2’V3) b =Yt + Yoot + Yot
|3 = f3 (Vl,Vz , V3) G =Yzt + Yoot + Yaslts

where




Small Signal Model

4 =Y. + Y05 + Y5,
L =Yt + Yooty + Yot
6 =Y31U + Yooty + Vil

where ot (V. V,,V,)
Vi = N, |

This is a small-signal model of a 4-terminal network and it is linear

9 small-signal parameters characterize the linear 4-terminal network
Small-signal model parameters dependent upon Q-point !

Termed the y-parameter model or “admittance” —parameter model



A small-signal equivalent circuit of a 4-terminal nonlinear network
(equivalent circuit because has exactly the same port equations)

o v %

V, Y22 ® s ® yisls Y. of; (Vl V5,V )

V V
V, Va3 G>Y31 1 G>Y32 2

Equivalent circuit is not unique
Equivalent circuit is a three-port network



4-terminal small-signal network summary

I,

-
2
4-Terminal I— +
. 3 Vl
Device - + v
2

Vs

Small signal model:

I1 = fl(vl’VZ’VB) \
2 = fz(V1’V21V3)
3= fs(Vsz’Vs)

'

J

O =Yi1¢ + Y50, + Y304
L =Y, + Yortr, + Yoot
&L =Yz + Yo, + Yooty

#)ﬁz‘vz #Ws‘vs

of (Vl’VZ’VS)

yij =

#Wl‘vl #}Qs‘%

#y:ﬂ‘vl #Wz‘vz




Consider 3-terminal network

Small-Signal Model

3-gerr_ninal < + Vi Il — fl(Vl’VZ) \>
evice V2
_ - Iz :fZ(Vl’VZ) J
Define .
=] - ¢, =V,—Vi,
. 1 v, =V,—V,
"2 o Iz I2Q ?

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Consider 3-terminal network

Small-Signal Model

4-Terminal
Device

1
-

.|.

2
. —

I
4_3 -!.,
Vs

+
V2

Vi

4 ZY11(01 T Y12(v2 T Y13‘v3
Yol + Y, U, 1+ Yo,
Yar) + Y3, U, + Y33V,

2
G

i = 91(‘1’1,‘02,‘“3) \

=02

3 =03

V1,V5,V3)

(V1,9,,93)




Consider 3-terminal network

Small-Signal Model

I +

3-Terminal -
Device +

Vo

\%

i =Y, U + Y, & oV,
b =Y U + Y1, 7 (ij

Vao

A Small Signal Equivalent Circug (not unique)

. £
+
Y12V, +
(% Y11 Y22 V,
Y21Vs

« Small-signal model is a “two-port”
« 4 small-signal parameters characterize this 3-terminal linear network
« Small signal parameters dependent upon Q-point



3-terminal small-signal network summary

3 Termina 4_72_1 + = fl(Vl’VZ)
pevice ‘X|‘2 _vl |, =1, (V1’V2)

Small signal model:

4 :yll(vl + y12(v2
6 :nyvl + yzz(vz

1, <
¥ Y12U> T
Y. = of, (Vl Vv ) U1 i 0, Y 0 Y22 V,
i oV, Y211
j VRV _




Consider 2-terminal network

Small-Signal Model

| +
o ’ |:f(V)

Define
"1 — I 1 _IlQ

al — V 1_V1Q

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Consider 2-terminal network

Small-Signal Model

2 ZY21(U1 T Y22(v2 Y23‘v3
2 ZY31‘U1 T Y32‘v2 T y33(U3




Consider 2-terminal network

Small-Signal Model

2-Terminal +
Device V1
=y U | v
p— n V=V,
¢ y11 1 oV, | °
A Small Signal Equivalent Circuit
I1
+
Vi, Y11

Small-signal model is a one-port

This was actually developed earlier !



Linearized nonlinear devices

; Linearized
Nonlinear —P Small-sianal
Device ) 9

Device

i, — -




How Is the small-signal equivalent circuit
obtained from the nonlinear circuit?

What is the small-signal equivalent of the
MOSFET, BJT, and diode ?
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Stay Safe and Stay Healthy !







